Magnetic nanowires have been considered to compose devices based on the concepts of spintronic and magnonic technologies. Despite stripe and cylindrical nanomagnets being widely studied, curvature effects on the magnetic properties of nanowires have been low explored. In this work the analysis of the influence of curvature on the demagnetizing field inside a curved magnetic wire is proposed. By performing analytical calculations, it is shown that unlike their cylindrical counterparts, curved nanowires present a demagnetizing field that has different values along its polar-like angle. In addition, the demagnetizing field presents a dependence on the azimuthal position.
I. INTRODUCTION
Due to their potential applications in random access memory, data storage 1 , cancer therapy 2 , spintronic and magnonic devices 3 , magnetic nanoparticles have been widely studied, as from experimental as from theoretical point of view. From experimental point of view, several works have reported the production and characterization of nanomagnets with different shapes and sizes [4] [5] [6] . For instance, recent advances in experimental techniques to fabricate nanoparticles has made it possible the production of nanomagnets with unusual geometries such as rolled-up magnetic membranes 7 , paraboloidal magnetic caps 8 or modulated nanomagnets 9 . The production of nanomagnets with cylindrical geometry (nanowires and nanotubes) has been also reported 10 . Such magnetic nanowires and nanotubes appear as prominent candidates to compose units of information for non-volatile memories, logic gates 11, 12 and devices based on the concept of "race-track memory" 13 . This development on experimental techniques to produce magnetic nanoparticles and the possibilities of applications for such structures make it necessary the understanding on the influence of curvature on the magnetic properties of nanoparticles. In this context, in last years, a lot of effort has been done aiming to describe how the geometry can influence the properties of nanomagnets 20, 21 .
The proposition of a race-track device demands the understanding on the dynamics of a domain wall along a nanowire. In the case of cylindrical nanowires, the knowledge on the dynamics of domain wall under the action of magnetic fields or spin currents is reasonably well developed [14] [15] [16] [17] . Among main results, interesting properties appearing due to the symmetry of cylindrical nanowires are theoretically predicted and experimentally observed.
Among them, the absence of a Walker field 18 in the domain wall motion can be highlighted.
Indeed, unlike what it is noted for stripe nanowires 19 , the domain wall moves smoothly in a cylindrical nanowire and its velocity does not present the oscillatory behavior occurring above the Walker field 15 . On the other hand, due to the lost of cylindrical symmetry, interesting magnetic properties are noted if the cylindrical nanowire is curved. For example, it was shown that a domain wall can be pinned even when it is passing across curved region of a nanowire 22 . In addition, torsion and curvature effects lead to the appearance of a Walker limit and negative velocities during the domain wall motion 23, 24 . Based on the above and on the influence of the geometry on the magnetic properties of nanomagnets, in this work it is proposed the study of the dependence of the demagnetizing field on the geometry of a curved nanowire. It is well known that the demagnetizing field of an in-plane single domain state in a cylindrical nanowire is independent on the direction in which the magnetization is pointing in 25 . On the other hand, once the cylindrical symmetry is lost in a curved wire, the demagnetizing field of a homogeneous magnetization configuration must present a dependence on the curvature. Indeed, by representing a curved wire as a torus section, the demagnetizing fields of four different magnetization configurations are obtained and it is
shown that the components of the demagnetizing field present an explicit dependence on the curvature.
This work is divided as follows: in Section II we present the adopted theoretical model to describe the nanowire and to calculate the demagnetizing field; Section III brings the results and discussions; finally, in Section IV the conclusions and prospects are presented.
II. THEORETICAL MODEL
The main objective of this work is to determine the demagnetizing field generated inside a curved wire described as a torus section. In this case, the micromagnetic theory will be adopted. In the frame of micromagnetism, a magnetic structure is described as a continuous medium whose magnetic state is defined by the magnetization vector as a function of the position inside the element. In this case, the demagnetizing field can be calculated by H = −∇Φ, where Φ is the magnetostatic potential, determined from the Laplace equation
In the absence of electric currents, the magnetostatic potential comes from surface and volumetric magnetic charges, respectively defined as σ = m · n and = ∇ · m. Here, n is the normal vector pointing outward the surface of the magnet and m = M /M S , with M being the magnetization vector and M S the saturation magnetization. In this case, the formal solution of the Laplace equation is given by
where | r − r| is the distance between two points into the magnetic body.
Since a curved magnet is being considered, all vector operators must be given in a curvilinear basis 26 . Then, in order to calculate the magnetostatic potential of a curved wire, it will be paramettrized by a torus section, that is
where ρ is a constant that defines the radius of a circle in the plane z = 0 when β → ∞.
β ∈ [β 0 , ∞) determines the torus thickness (β 0 describes the external surface),
plays the role of an azimuthal angle and η ∈ [0, 2π] is the poloidal angle (See Fig. 1 ).
The coordinate system represented in Eq. (2) can be related to a more natural parameters describing a torus by cosh β = R/r (the external surface of the wire is described by cosh β 0 = R/r) and ρ = √ R 2 − r 2 , where r and R are the poloidal and toroidal radii 28 , respectively.
The wire length is given by = 2ϕ 0 R in such way that the wire with greater curvature, described by a half-torus section, is obtained when (ϕ 0 = π/2 → R = /π) and an almost straight wire is obtained for R → ∞. From Eq. (2), one can evaluate the normal vector pointing outward the wire surface, obtaining
and
In addition,R =x cos ϕ +ŷ sin ϕ is the radial vector pointing outward the wire in the xy-plane. The calculation of the magnetostatic potential is, in general, very hard. A possible way is expanding the inverse of the distance in an infinite series using Green's functions. In the case of toroidal geometry, the inverse of the distance in toroidal coordinates is given by
where
is the gamma function, P k n−1/2 (cosh β) and Q k n−1/2 (cosh β) are the Legendre functions of half-integer order (also known as toroidal harmonics). From using the expansion given in Eq. (5), the magnetostatic potential for single domain 29 and onion 30 states in magnetic nanotori were obtained.
In some situations, it is useful to describe the components of a vector field in their Cartesian components. In this context, the components of a vector field (H) writen in toroidal coordinates (β, η, ϕ) can be changed to a Cartesian basis (x, y, z) by using the
where F and G were defined in Eq. (3).
III. RESULTS
From the presented model, analytical expressions for the magnetostatic potential and the demagnetizing fields associated to each magnetization configuration can be determined.
A. Magnetostatic potential
There are two contributions to the magnetotatic potential associated to SDx state. The first contribution comes from the ends of the wire, that is, at −ϕ 0 (S 1 ) and ϕ 0 (S 2 ), where
The second contribution comes from magnetostatic charges appearing along the wire external surface (β 0 ) and given by m SDx · n = −F cos ϕ. Thus, the magnetostatic potential of SDx is given by Φ SDx = Φ SDx1 + Φ SDx2 , where
where the integrals are evaluated at the wire surface. The surface element along the wire external surface is dS 3 = ρ 2 sinh β 0 /(cosh β 0 − cos η) 2 dηdϕ, while the surface element at the wire ends is
The integral in ϕ must be evaluated in the interval ϕ ∈ [−ϕ 0 , ϕ 0 ]. In this case, the substitution of Eq. (5) in Eqs. (7) and (8) yields
where g k (ϕ ) = sin ϕ 0 cos kϕ 0 cos kϕ ,
and we have used the property
The integrals in η can be performed from using the trigonometric identity cos n(η − η) = cos nη cos nη + sin nη sin nη and the integral representation of
961). In this case, after some algebraic manipulation, we have that
with P (Q)
. The calculation of the magnetostatic potential of the SDz configuration follows the same procedure above described. However, in this case, the ends of the wire do not contribute to the magnetostatic potential. Thus, the magnetostatic potential of this configuration is
Then, analogously to the performed calculations to determine Φ SDx2 , we have that
and h k (ϕ ) = k −1 (2 cos kϕ sin kϕ 0 ).
The third configuration consists in a radial state. As the SDz state, RSD has no surface magnetostatic charges at the ends of the wire. However, there are two contributions to the magnetostatic potential. One coming from surface and other coming from volumetric charges. That is, Φ RSD = Φ RSD S + Φ RSD V , where subscripts S and V denote surface and volumetric contributions to the magnetostatic potential. From the definition of the magnetization in RSD state, it can be noted that m RSD · n = −F . Then, the calculation of the surface contribution to the magnetostatic potential is promptly obtained from the expression of Φ SDx2 with the replacement of f k (ϕ ) by h k (ϕ ). Then,
The volumetric charge associated to RSD state is determined from the divergent of the magnetization written in curvilnear coordinate system 26 , ∇ · m RSD = (cosh β − cos η)/ρ sinh β. Therefore, after some algebraic manipulation, the following expression is obtained
At last, it will be analyzed the magnetostatic potential of a VSD configuration. In this case, only the surface charges associated to the ends of the wire accounts to the calculations and thus, the magnetostatic potential of VSD state is given by
Despite having analyzed the magnetostatic potential of four different magnetization configurations, due to their similar expressions, in this subsection only the demagnetizing field of RSD and SDz states will be evaluated. The results here obtained give a good qualitative description for the two other states.
By using the ∇ operator in toroidal coordinates 27 , the demagnetizing field in a toroidal coordinate system is evaluated as
Therefore, the demagnetizing field in a toroidal basis can be represented as
In this case, the components of the demagnetizing field associated to surface charges of RSD state are given by
The components of the demagnetizing field associated to the volumetric charges of RSD configuration are
Since the magnetostatic potential of SDx configuration (Eqs. (10) and (14)) has similar expressions to the magnetostatic potential of RSD state (Eqs. (20) and (21)), qualitative behavior of the demagnetizing field for SDx state is well described by the previously presented results. Then, explicit equations of the demagnetizing field associated with SDx configuration will be omitted here.
The solution of the magnetostatic potential of SDz state (See Eq. (18)) presents subtle differences when compared with Eq. (20) . In this context, it is interesting to perform the explicit calculation of the demagnetizing field related to this configuration, which is evaluated as
C. Numerical results
Despite having obtained analytical expressions for the demagnetizing field components given in Eqs. (24)- (32), an immediate analysis of their physical content is not clear due to their complicated forms. Therefore, to extract relevant results we should evaluate them numerically. For doing that, we employ the Fortran subroutine code DTORH1 32, 33 , which
gives the values of P k n−1/2 (cosh β) and Q k n−1/2 (cosh β). Due to the fast convergence of the series, we stop the sums at k = 30 and n = 30.
In this work, the results are normalized in relation to the saturation magnetization, that is, in numerical calculations M S = 1 is adopted. In addition, the poloidal radius and length of the nanowires are respectively r = 10 nm and = 100 nm. The toroidal radius R is varied in function of ϕ 0 , in the form R = /2ϕ 0 . Consequently, the wire with greater curvature,
, is given by a half-torus section (ϕ 0 = π/2). The presented numerical results describe the demagnetizing field on the wire surface (β = β 0 ).
Figs. 3-(a) and (b) present respectively the dependence of H β RSD on the curvature and on the azimuthal position, ϕ, along the wire. From Fig.3a , it can be noted that H β RSD depends on the curvature of the wire. In this case, the graphics show a cosine-like behavior and an asymmetry for η = 0 and η = π is observed. That is, the absolute value of H β RSD at η = 0 is lower than its absolute value at η = pi. Then,
Nevertheless, it is interesting to note that the smaller the curvature, the smaller ∆H β RSD , in such way that ∆H β RSD → 0 when 1/K → 0. On the other hand, despite small quantitative variations, qualitative changes of H β RSD are no observed at different positions along the wire (See Fig. 3-(b) ). absolute values given at η = π/2 and η = 3π/2. Despite H η RSD is depending on curvature, no asymmetry is observed when we compare its maximum absolute values at η = π/2 and η = 3π/2. Finally, the behavior of H ϕ RSD in function of the position along the wire is shown in Fig. 3 -(f). It can be noted that H ϕ RSD = 0 in the center of the wire (ϕ = 0) and increases, in absolute value, reaching its maximum value at the wire ends. The maximum value of the demagnetizing field appearing in the internal border of the wire shows an interesting relation between curvature and dipolar energy. This effect must be important in describing the properties of a domain wall displacing along curved wires. However, curvature effects on the dypolar field is a low explored issue. In general, most of works devoted to study this theme use the space of momenta to calculate the demagnetizing field of curved particles 34-37 .
In Fig. 4 it is presented the components of the demagnetizing fields of SDz configuration, obtained from Eqs. (30) - (32) . Analogously to what happens for RSD state, the demagnetizing field depends on the curvature of the wire. However, there is a reversal in the behavior of H β and H η . That is, H β SDz presents a sine-like behavior and its absolute value is symmetric under the change from η = π/2 to η = 3π/2. On the other hand, H η SDz presents a cosine-like behavior with a maximum value (in absolute value) at η = π. The representation of the demagnetizing fields in a Cartesian basis can lead to a more intuitive description of the demagnetizing field of a curved wire. By using Eq. (6), we can numerically calculate the components H x RSD and H z SDz . The analysis of Fig. 5 evidences the dependence on the curvature of the demagnetizing fields, as well as the maximum (absolute value) of the demagnetizing fields at η = π. It can be noted that H x RSD decreases with the decreasing of curvature and its value tends to a constant for 1/K → 0. This behavior is noted also for H z SDz .
This curvature-dependent demagnetizing field can produce differences in the magnetization groundstate of nanowires when they are curved. Furthermore, a domain wall displacing along a curved nanowire must present curvature-induced changes in its dynamics. In fact,
Yershov et al 22 showed that a domain wall can be pinned by a curved region in a cylindrical nanowire. However, in that work, the observed effects are purely related with exchange energy cost. Here, we show that dipolar field can also produce observable effects on the magnetic properties of a curved wire.
IV. CONCLUSIONS
Analytical solutions to the magnetostatic potential of four magnetization configurations 
